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We introduce two classes of rotating solutions of Einstein-Maxwell gravity in n+1
dimensions which are asymptotically anti-de Sitter type. They have no curvature
singularity and no horizons. The first class of solutions, which has a conic singularity
yields a spacetime with a longitudinal magnetic field and k rotation parameters. We
show that when one or more of the rotation parameters are non zero, the spinning
brane has a net electric charge that is proportional to the magnitude of the rota-
tion parameters. The second class of solutions yields a spacetime with an angular
magnetic field and κ boost parameters. We find that the net electric charge of these
traveling branes with one or more nonzero boost parameters is proportional to the
magnitude of the velocity of the brane. We also use the counterterm method in-
spired by AdS/CFT correspondence and calculate the conserved quantities of the
solutions. We show that the logarithmic divergencies associated to the Weyl anoma-
lies and matter field are zero, and the r divergence of the action can be removed by
the counterterm method.
I. INTRODUCTION
The anti-de Sitter conformal field theory (AdS/CFT) correspondence [1], which relates
the low energy limit of string theory in asymptotically anti de-Sitter (AAdS) spacetime and
∗Electronic address: dehghani@physics.susc.ac.ir
2the quantum field theory living on the boundary of it, have attracted a great deal of atten-
tion in recent years. This equivalence between the two formulations means that, at least in
principle, one can obtain complete information on one side of the duality by performing com-
putation on the other side. A dictionary translating between different quantities in the bulk
gravity theory and its counterparts on the boundary has emerged, including the partition
functions of both theories. An interesting application of the AdS/CFT correspondence is the
interpretation of the Hawking-Page phase transition between a thermal AdS and AAdS black
hole as the confinement-deconfinement phases of the Yang-Mills (dual gauge) theory defined
on the AdS boundary [2]. This conjecture is now a fundamental concept that furnishes a
means for calculating the action and conserved quantities intrinsically without reliance on
any reference spacetime [3, 4, 5]. It has also been applied to the case of black holes with
constant negative or zero curvature horizons [6] and rotating higher genus black branes [7].
Although the AdS/CFT correspondence applies for the case of a spatially infinite boundary,
it was also employed for the computation of the conserved and thermodynamic quantities
in the case of a finite boundary [8]. The counterterm method also has been extended to the
case of asymptotically de Sitter spacetimes [9].
Thus, it has become important to obtain new solutions of the Einstein gravity with
a negative cosmological constant and apply the AdS/CFT correspondence to them. For
AAdS spacetimes, the presence of a negative cosmological constant makes it possible to
have a large variety of static and stationary solutions with planar, spherical, or cylindrical
symmetries. Asymptotically AdS black holes whose event horizons are hypersurfaces with
a positive, negative, or zero scalar curvature were considered in [10]. Asymptotically AdS
rotating topological black brane solutions have also been obtained [11]. The AAdS rotating
solution of Einstein’s equation with cylindrical and toroidal horizons and its extension to
include the electromagnetic field were considered in Ref. [12]. The generalization of this
AAdS charged rotating solution of the Einstein-Maxwell equation to higher dimensions and
higher derivative gravity and investigation of its thermodynamics were done in [13, 14]. In
the context of gauged supergravity models, the rotating brane solution has been considered
by many authors (see, for example, [15]).
In this paper we are dealing with the issue of the spacetimes generated by spinning
string/brane sources in (n+1)-dimensional Einstein-Maxwell theory that are horizonless and
have nontrivial external solutions. These kinds of solutions have been investigated by many
3authors in four dimensions. Static uncharged cylindrically symmetric solutions of Einstein
gravity in four dimensions were considered in [16]. Similar static solutions in the context
of cosmic string theory were found in [17]. All of these solutions [16, 17] are horizonless
and have a conical geometry; they are everywhere flat except at the location of the line
source. The extension to include the electromagnetic field has also been done [18, 19]. Some
solutions of type IIB supergravity compactified on a four dimensional torus were considered
in [20], which have no curvature singularity and no conic singularity. Here we will generalize
the four-dimensional solution found in [19] to the case of the (n + 1)-dimensional solution
with all rotation and boost parameters, and use the AdS/CFT correspondence to compute
the conserved quantities of the system.
The outline of our paper is as follows. In Sec. II, we first review the field equations
of Einstein-Maxwell gravity and then introduce two classes of (n + 1)-dimensional AAdS
horizonless charged rotating solutions with more rotation and boost parameters. In Sec. III,
we give a brief review of AdS/CFT correspondence, and obtain the logarithmic divergences
associated with the Weyl anomalies and matter fields. The electric charge and conserved
quantities of the system will also be computed. We finish our paper with some concluding
remarks.
II. (N+1)-DIMENSIONAL ROTATING SOLUTIONS OF EINSTEIN-MAXWELL
GRAVITY
A. Field equations
The gravitational action for Einstein-Maxwell theory in n+1 dimensions for AAdS space-
times is
IG = − 1
16π
∫
M
dn+1x
√
−g (R − 2Λ− F µνFµν) + 1
8π
∫
∂M
dnx
√
−γK(γ), (1)
where Fµν = ∂µAν − ∂νAµ is the electromagnetic tensor field and Aµ is the vector potential.
The first term is the Einstein-Hilbert volume term with negative cosmological constant
Λ = −n(n − 1)/2l2 and the second term is the Gibbons-Hawking boundary term which is
chosen such that the variational principle is well defined. The manifoldM has metric gµν and
covariant derivative ∇µ. K is the trace of the extrinsic curvature Kµν of any boundary(ies)
∂M of the manifoldM, with induced metric(s) γi,j.
4Varying the action over the metric tensor gµν and electromagnetic field Fµν , the equations
of gravitational and electromagnetic fields are obtained as
Rµν − 1
2
gµνR − n(n− 1)
2l2
gµν = Tµν , (2)
∇µFµν = 0, (3)
where T emµν is the electromagnetic stress tensor
T emµν = 2F
λ
µFλν − 1
2
FλσF
λσgµν . (4)
Now we want to obtain spacetimes generated by brane sources in (n+1) dimensions which
satisfy the above field equations. Some solutions were obtained in [21]. We will introduce
two new classes of horizonless solutions to Eqs. (2)-(4), which are a generalization of those
given by Dias and Lemos [19].
B. Longitudinal magnetic field solutions with one rotation parameter
It is a matter of calculation to show that the generalization of the four-dimensional
solution given by Dias and Lemos [19] in n+1 dimensions with one rotation parameter can
be written as
ds2 = −ρ
2
l2
(Ξdt− adφ)2 + f(ρ)
(a
l
dt− Ξldφ
)2
+
dρ2
f(ρ)
+
ρ2
l2
dX2, (5)
where Ξ =
√
1 + a2/l2, dX2 =
∑n−2
i=1 (dx
i)2 is the Euclidean metric on the (n− 2)-
dimensional submanifold, and f(ρ) is
f(ρ) =
ρ2
l2
+
8mln−2
ρn−2
− 8
(n− 1)(n− 2)
q2l2n−4
ρ2n−4
. (6)
The gauge potential is given by
Aµ =
2
(n− 2)
ql(n−3)
ρn−2
(
aδ0µ − Ξl2δφµ
)
. (7)
As we will see in Sec. III, m and q in Eqs. (5)-(7) are the mass and charge parameters of
the metric which are related to the mass and charge densities of the brane.
In order to study the general structure of this solution, we first look for curvature singu-
larities. It is easy to show that the Kretschmann scalar RµνλκR
µνλκ diverges at ρ = 0 and
5therefore one might think that there is a curvature singularity located at ρ = 0. However, as
will be seen below, the spacetime will never achieve ρ = 0. Now we look for the existence of
horizons, and therefore we look for possible black brane solutions. One should conclude that
there are no horizons and therefore no black brane solutions. The horizons, if any exist, are
given by the zeros of the function f(ρ) = g−1ρρ . Let us denote the zeros of f(ρ) by r+. The
function f(ρ) is negative for ρ < r+ and positive for ρ > r+, and therefore one may think
that the hypersurface of constant time and ρ = r+ is the horizon. However, this analysis
is not correct. Indeed, one may note that gρρ and gφφ are related by f(ρ) = g
−1
ρρ = l
−2gφφ,
and therefore when gρρ becomes negative (which occurs for ρ < r+) so does gφφ. This leads
to an apparent change of signature of the metric from (n− 1)+ to (n− 2)+, and therefore
indicates that we are using an incorrect extension. To get rid of this incorrect extension, we
introduce the new radial coordinate r as
r2 = ρ2 − r2+ ⇒ dρ2 =
r2
r2 + r2+
dr2.
With this new coordinate, the metric (5) is
ds2 = −r
2 + r2+
l2
(Ξdt− adφ)2 + f(r)
(a
l
dt− Ξldφ
)2
+
r2
(r2 + r2+)f(r)
dr2 +
r2 + r2+
l2
dX2, (8)
where the coordinates r and φ assume the values 0 ≤ r < ∞ and 0 ≤ φ < 2π, and f(r) is
now given as
f(r) =
r2 + r2+
l2
+
8mln−2
(r2 + r2+)
(n−2)/2
− 8
(n− 1)(n− 2)
q2l2n−4
(r2 + r2+)
n−2
. (9)
The gauge potential in the new coordinate is
Aµ =
2
(n− 2)
ql(n−3)
(r2 + r2+)
(n−2)/2
(
aδ0µ − Ξl2δφµ
)
. (10)
The function f(r) given in Eq. (9) is positive in the whole spacetime and is zero at r = 0.
Also note that the Kretschmann scalar does not diverge in the range 0 ≤ r <∞. Therefore
this spacetime has no curvature singularities and no horizons. However, it has a conic
geometry and has a conical singularity at r = 0, since:
lim
r→0
1
r
√
gφφ
grr
=
nh
2l
+
4q2
n− 1
(
l
h
)2n−3
6= 1.
6That is, as the radius r tends to zero, the limit of the ratio “circumference/radius” is not
2π and therefore the spacetime has a conical singularity at r = 0. Of course, one may ask
for the completeness of the spacetime with r ≥ 0 (or ρ ≥ r+). It is easy to see that the
spacetime described by Eq. (8) is both null and timelike geodesically complete (see the
Appendix for more detail).
C. Longitudinal magnetic field solutions with more rotation parameters
The rotation group in n+1 dimensions is SO(n) and therefore the number of independent
rotation parameters is [(n+ 1)/2], where [x] is the integer part of x. We now generalize the
above solution given in Eq. (5) with k ≤ [(n + 1)/2] rotation parameters. This generalized
solution can be written as
ds2 = −r
2 + r2+
l2
(
Ξdt−
k∑
i=1
aidφ
i
)2
+ f(r)
(√
Ξ2 − 1dt− Ξ√
Ξ2 − 1
k∑
i=1
aidφ
i
)2
+
r2dr2
(r2 + r2+)f(r)
+
r2 + r2+
l2(Ξ2 − 1)
k∑
i<j
(aidφj − ajdφi)2 +
r2 + r2+
l2
dX2, (11)
where Ξ =
√
1 +
∑k
i a
2
i /l
2, dX2 is the Euclidean metric on the (n − k − 1)-dimensional
submanifold and f(r) is the same as f(r) given in Eq. (9). The gauge potential is
Aµ =
2
(n− 2)
ql(n−2)
(r2 + r2+)
(n−2)/2
(√
Ξ2 − 1δ0µ −
Ξ√
Ξ2 − 1aiδ
i
µ
)
; (no sum on i). (12)
Again this spacetime has no horizon and curvature singularity. However, it has a conical
singularity at r = 0. One should note that these solutions are different from those discussed
in [13], which were electrically charged rotating black brane solutions.
D. Angular magnetic field solutions with one boost parameter
The generalization of four-dimensional spacetime with angular magnetic field to the case
of an n+ 1-dimensional AAdS charged rotating brane with one boost parameter is
ds2 = −r
2 + r2+
l2
(
Ξdt− v
l
dz
)2
+ f(r)
(v
l
dt− Ξdz
)2
+
r2dr2
(r2 + r2+)f(r)
+ (r2 + r2+)dΩ
2, (13)
7where Ξ =
√
1 + v2/l2, dΩ2 =
∑n−2
i=1 (dφ
i)2, and f(r) is the same as before given in Eq. (9).
The coordinates r and φi’s assume the values 0 ≤ r < ∞ and 0 ≤ φi ≤ 2π, and the gauge
potential is given by
Aµ =
2
(n− 2)
qln−3
(r2 + r2+)
(n−2)/2
(
aδ0µ − Ξlδzµ
)
. (14)
Using the same arguments given for the case of longitudinal magnetic field solutions discussed
in Sec. II B, one can show that this spacetime has no curvature singularity, no horizons and
no conical singularity.
E. Angular magnetic field solutions with more boost parameters
In this section we introduce the solutions of the Einstein-Maxwell equation with no ro-
tation parameter and κ boost parameters. The maximum number of boost parameters can
be n− 2. In this case the solution can be written as
ds2 = −r
2 + r2+
l2
(
Ξdt− l−1
κ∑
i=1
vidx
i
)2
+ f(r)
(√
Ξ2 − 1dt− Ξ
l
√
Ξ2 − 1
κ∑
i=1
vidx
i
)2
+
r2 + r2+
l4(Ξ2 − 1)
κ∑
i<j
(vidxj − vjdxi)2 + r
2dr2
(r2 + r2+)f(r)
+ (r2 + r2+)dΩ
2, (15)
where Ξ =
√
1 +
∑κ
i v
2
i /l
2, dΩ2 =
∑n−κ−1
i=1 (dφ
i)2, and f(r) is given in Eq. (9). The gauge
potential is given by
Aµ =
2
(n− 2)
λl(n−2)
(r2 + r2+)
(n−2)/2
(√
Ξ2 − 1δ0µ −
Ξ
l
√
Ξ2 − 1viδ
i
µ
)
; (no sum on i). (16)
Again this spacetime has no curvature singularity, no horizons, and no conical singularity.
III. THE CONSERVED QUANTITIES OF MAGNETIC ROTATING BRANE
It is well known that the gravitational action given in Eq. (1) diverges. A systematic
method of dealing with this divergence is through the use of the counterterm method inspired
by AdS/CFT correspondence. The AdS/CFT correspondence states that, if the metric near
the conformal boundary (x→ 0) can be expanded in the AAdS form,
ds2 =
dx2
l2x2
+
1
x2
γijdx
idxj , (17)
8with nondegenerate metric γ, then one may remove the divergent terms in the action by
adding a counterterm action, Ict, which is a functional of the boundary curvature invariants.
The counterterm for asymptotically AdS spacetimes up to seven dimensions is
Ict =
1
8π
∫
∂M∞
dnx
√−γ{n− 1
l
− lΘ(n− 3)
2(n− 2) R
− l
3Θ(n− 5)
2(n− 4)(n− 2)2
(
RabR
ab − n
4(n− 1)R
2
)
+ ...}, (18)
where R, Rabcd, and Rab are the Ricci scalar, Riemann, and Ricci tensors of the boundary
metric γab, and Θ(x) is the step function, which is equal to 1 for x ≥ 0 and zero otherwise.
Although other counterterms (of higher mass dimension) may be added to Ict, they will
make no contribution to the evaluation of the action or Hamiltonian due to the rate at
which they decrease toward infinity, and we shall not consider them in our analysis here.
These counterterms have been used by many authors for a wide variety of spacetimes,
including Schwarzschild-AdS, topological Schwarzschild-AdS, Kerr-AdS, Taub-NUT-AdS,
Taub-bolt-AdS, and Taub-bolt-Kerr-AdS [22].
Of course, for even n one has logarithmic divergences in the partition function which
can be related to the Weyl anomalies in dual conformal field theory [3]. These logarithmic
divergences associated with the Weyl anomalies of the dual field theory for n = 4 and n = 6
are [23]
Ilog = − ln ǫ
64πl3
∫
d4x
√
−γ0
[
(R0ij)R
(0)ij − 1
3
(R0)2
]
, (19)
Ilog =
ln ǫ
84πl3
∫
d6x
√
−γ0{ 3
50
(R0)3 +R(0)ijR(0)klR0ijkl −
1
2
R0R(0)ijR0ij
+
1
5
R(0)ijDiDjR
0 − 1
2
R(0)ij0R0ij +
1
20
R00R0}. (20)
In Eqs. (19) and (20) R0 and R(0)ij are the Ricci scalar and Ricci tensor of the leading order
metric γ0 in the following expansion:
γij = γ
0
ij + x
2γ2ij + x
4γ4ij + ..., (21)
and Di is the covariant derivative constructed by the leading order metric γ
0. Also, one
should note that the inclusion of matter fields in the gravitational action produces an addi-
tional logarithmic divergence in the action for even n. This logarithmic divergence for n = 4
and n = 6 are [23]
Iemlog =
ln ǫ
64πl
∫
d4x
√
γ0F (0)ijF 0ij , (22)
9Iemlog =
ln ǫ
8πl3
∫
d6x
√
−γ0{ 1
16
R0F (0)ijF 0ij −
1
8
R(0)ijF
(0)l
i F
0
jl
+
1
64
F (0)ij(DjD
kF 0ki −DiDkF 0kj)}. (23)
where F 0ij is the leading term of the electromagnetic field on the conformal boundary. All
the contractions in Eqs. (22) and 23) should be done by the leading order metric γ0ij. In
4 < n < 7 the matter field will cause a power law divergence in the action, which can be
removed by a counterterm of the form [23]
Iemct =
1
256π
∫
dnx
√
−γ
(n− 8)
(n− 4)Θ(n− 5)F
ijFij . (24)
Thus, the total action can be written as a linear combination of the gravity term (1) and
the counterterms (18) and (24). For the charged rotating and travelling magnetic branes
investigated in this paper the counterterm Iemct is zero and therefore the total action is
I = IG + Ict. (25)
Having the total action, one can use the Brown and York definition [24] to construct a
divergence-free stress-energy tensor as
T ab =
1
8π
{(Kab −Kγab)− n− 1
l
γab +
l
n− 2(R
ab − 1
2
Rγab)
+
l3Θ(n− 5)
(n− 4)(n− 2)2 [−
1
2
γab(RcdRcd − n
4(n− 1)R
2)− n
(2n− 2)RR
ab
+2RcdR
acbd − n− 2
2(n− 1)∇
a∇bR +∇2Rab − 1
2(n− 1)γ
ab∇2R] + ...}. (26)
The above stress tensor is divergence-free for n ≤ 6, but we can always add more countert-
erms to have a finite action in higher dimensions (see, e.g., [25]).
The conserved charges associated to a Killing vector ξa is
Q(ξ) =
∫
B
dnx
√
σnaTabξ
b, (27)
where σ is the determinant of the metric σij , appearing in the Arnowitt-Deser-Misner-like
decomposition of the boundary metric,
ds2 = −N2dt2 + σij(dxi +N idt)(dxj +N jdt). (28)
In Eq. (28), N and N i are the lapse and shift functions, respectively. For boundaries
with timelike Killing vector (ξ = ∂/∂t), rotational Killing vector field (ζi = ∂/∂φ
i), and
10
translational Killing vector (ςi = ∂/∂x
i) one obtains the conserved mass, angular momentum
and linear momentum of the system enclosed by the boundary B. In the context of AdS/CFT
correspondence, the limit in which the boundary B becomes infinite (B∞) is taken, and
the counterterm prescription ensures that the action and conserved charges are finite. No
embedding of the surface B into a reference spacetime is required and the quantities which
are computed are intrinsic to the spacetimes.
For our case, horizonless rotating spacetimes, the first Killing vector is ξ = ∂/∂t and
therefore its associated conserved charge is the total mass of the system enclosed by the
boundary given by
M =
∫
B
dn−1x
√
σTabn
aξb =
Vn−1
8π
mlp−1
[
n(Ξ2 − 1) + 1] , (29)
where Vn−1 denotes the volume of the hypersurface boundary B at constant t and r, and p
is the number of angular coordinates φi of the spacetime. One may note that in the case
of a spacetime with a longitudinal magnetic field, the numbers of angular coordinates and
rotation parameters are the same, but for a spacetime with an angular magnetic field, they
are different.
For the case of spacetimes with a longitudinal magnetic field, the charges associated with
the rotational Killing symmetries generated by ζi = ∂/∂φ
i are the components of total
angular momentum of the system enclosed by the boundary given as
Ji =
∫
B
dn−1x
√
σTabn
aζbi =
Vn−1
8π
nΞlp−1mai. (30)
In the case of the spacetimes with an angular magnetic field introduced in Sec. II E, we
encounter conserved quantities associated with translational Killing symmetries generated by
ςi = ∂/∂x
i. These conserved quantities are the components of linear momentum calculated
as
Pi =
∫
B
dn−1x
√
σTabn
aςbi =
Vn−1
8π
nΞlp−2mvi. (31)
Now we show that the r divergence of the total action can be removed by the counterterm
method. We first calculate the logarithmic divergences due to the Weyl anomaly and matter
field given in Eqs. (19), (20), (22), and (23). The leading metric h0ij can be obtained as
h0ijdx
idxj = − 1
l2
dt2 + dΩ2 + dX2. (32)
11
Therefore the curvature scalar R0(h0) and Ricci tensor R0ij(h
0) are zero. Also, it is easy to
show that F 0ij in Eqs. (22) and (23) vanishes. Thus, all the logarithmic divergences for the
(n + 1)-dimensional solutions given in Sec. II are zero. It is also a matter of calculation to
show that the counterterm action due to the electromagnetic field in Eq. (24) is zero. Using
Eqs. (1), (18), and (25), one can show that the r divergence of the action will be removed.
Next, we calculate the electric charge of the solutions. To determine the electric field we
should consider the projections of the electromagnetic field tensor on special hypersurfaces.
The normal to such hypersurfaces for the spacetimes with a longitudinal magnetic field is
u0 =
1
N
, ur = 0, ui = −N
i
N
,
and the electric field is Eµ = gµρFρνu
ν. Then the electric charge Q can be found by calcu-
lating the flux of the electromagnetic field at infinity, yielding
Q =
Vn−1
4π
√
Ξ2 − 1lp−2q. (33)
Note that the electric charge is proportional to the rotation parameter or boost parameter,
and is zero for the case of a static solution.
IV. CLOSING REMARKS
In this paper, we introduced two classes of solutions of Einstein-Maxwell gravity which
are asymptotically anti-de Sitter. The first class of solutions yields a rotating spacetime with
a longitudinal magnetic field. We found that these solutions have no curvature singularity
and no horizons, but have conic singularity at r = 0. In these spacetimes, when all the
rotation parameters are zero (static case), the electric field vanishes, and therefore the brane
has no net electric charge. For the spinning brane, when one or more rotation parameters
are nonzero, the brane has a net electric charge which is proportional to the magnitude of
rotation parameter given by
∑k
i a
2
i . The second class of solutions yields a spacetime with
angular magnetic field. These solutions have no curvature singularity, no horizon, and no
conic singularity. Again we found that the branes in these spacetimes have no net electric
charge when all the boost parameters are zero. We also showed that, for the case of traveling
branes with one or more nonzero boost parameters, the net electric charge of the brane is
proportional to the magnitude of the velocity of the brane (
∑κ
i v
2
i ).
12
We also used the counterterm method inspired by the AdS/CFT correspondence con-
jecture and calculated the conserved quantities of the two classes of solutions. We found
that the logarithmic divergencies associated with the Weyl anomalies and matter field are
zero, and showed that the r divergence of the action is removed by use of the counterterm
method.
APPENDIX
In this appendix, we want to show that the spacetime described by the metric (8) is
geodesically complete for r ≥ 0 [19, 26]. In fact, we want to show that every null or timelike
geodesic starting from an arbitrary point can either extend to infinite values of the affine
parameter along the geodesic or end on a singularity at r = 0. To do this, we first perform
the rotation boost (Ξt− aφ) 7→ t; (at− Ξl2dφ) 7→ l2dφ in the t− φ plane. Then the metric
(8) becomes
ds2 = −r
2 + r2+
l2
dt2 +
r2
(r2 + r2+)f(r)
dr2 + l2f(r)dφ2 +
r2 + r2+
l2
dX2.
Using the geodesic equation, one obtains
t˙ =
l2
r2 + r2+
E, x˙i =
l2
r2 + r2+
P i, φ˙ =
1
l2f(r)
L,
r2r˙2 = (r2 + r2+)f(r)
[
l2(E2 −P2)
r2 + r2+
− α
]
− r
2 + r2+
l2
L2,
where the overdot denotes the derivative with respect to an affine parameter and α is zero
for null geodesics and +1 for timelike geodesics. E, L, and P i are the conserved quantities
associated with the coordinates t, φ, and xi respectively, and P2 =
∑n−2
i=1 (P
i)2. Notice that
f(r) is always positive for r > 0 and zero for r = 0.
First we consider the null geodesics (α = 0). (i) If E2 > P2 the spiraling particles (L > 0)
coming from infinity have a turning point at rtp > 0, while the nonspiraling particles (L = 0)
have a turning point at rtp = 0. (ii) If E = P and L = 0, whatever is the value of r, r˙ and
φ˙, vanish and therefore the null particles move in a straight line in the (n− 2)-dimensional
submanifold spanned by x1 to xn−2. (iii) For E = P and L 6= 0, and also for E2 < P2 and
any value of L, there is no possible null geodesic.
Now, we analyze the timelike geodesics (α = +1). A timelike geodesic is possible only if
l2(E2 − P2) > r2+. In this case spiraling (L 6= 0) timelike particles are bound between ratp
13
and rbtp given by
0 < ratp ≤ rbtp <
√
l2(E2 −P2)− r2+,
while the turning points for the nonspiraling particles (L = 0) are r1tp = 0 and r
2
tp =√
l2(E2 −P2)− r2+. Thus, we have confirmed that the spacetime described by Eq. (8) is
both null and timelike geodesically complete.
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